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a b s t r a c t

In this paper, a dynamic model of a ship-mounted container crane (called the ‘‘mobile harbor’’) subject to the

motions of ship itself imparted by random sea waves is investigated. The condition of the sea is assumed to

be State 3. The ship’s heaving, pitching and rolling motions are considered as the main motions in exciting

the mounted crane. Equations of motion are derived using the Lagrange method. Simulation results reveal

that the lateral sway angle of the load becomes the biggest in the beam sea, whereas the pitching motion of

the ship in the heading sea is the biggest. As a conclusion, the operation of mobile harbors in the heading sea

is recommended. The developed mathematical model has been validated by experiments.

& 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Container cranes are widely used to transfer containers and
other objects from and to various locations in ports and at
container terminals. In recent years, with the rapid growth of
the world logistics industry and the attendant rises in competi-
tion and costs, ship companies have resorted to making container
ships larger. Presently, container ships over the 12,000 TEU (20-
foot equivalent unit) class are plying the main trunk routes, and
still-larger, 15,000 TEU class ships are on order. It is predicted that
by the 2020s, super large, 18,000 TEU container ships will be in
operation. So as to keep up with ever-increasing ship sizes,
container cranes have to become larger, faster, and higher,
necessitating, in turn, efficient controllers that can both guarantee
fast turn-over times and meet stringent safety requirements.
Despite these improvements, one problem has remained for small
container terminals and ports: they cannot accommodate, owing
to their relatively shallow water depths, the larger container
ships. To solve this problem, a special crane-equipped ship
(‘‘mobile harbor’’) capable of operating on the open sea has been
proposed (however, a complete efficiency study has not been
made yet). Fig. 1 shows a mobile harbor that loads and unloads
containers from a mega container ship in an open sea.

In the process of loading/unloading containers, the longitudi-
nal and lateral motions of the trolley (especially when starting or

stopping, along with wave-induced ship movement) impart a
pendulum motion to the suspended container. This not only
leads to a potentially serious damage that can result, but also
prolongs the time required to precise positioning of the load.
A satisfactory control method for suppression of the motion of
the container being transferred, therefore, is a necessity for crane
engineers. Besides that, crane system dynamics must be clarified
before designing a control system. Therefore, the dynamics
analysis of the plant is the first step to develop any crane’s
control system.

The container, hooked to a spreader, is suspended in air by
four ropes. When the container is accelerated by the trolley or
disturbed by winds, it may exhibit a rotational motion (trim, list,
skew) as well as a sway in the vertical plane. Depend on different
points of view or different purposes, the container crane can be
modeled by many ways. When the sway motion of the spreader
was modeled as a pendulum motion, lumped parameter system
approaches were developed (Singhose et al., 2000; Hong et al.,
2000; Kim et al., 2004; Lee, 2004; Liu et al., 2005; Park et al.,
2007; Singhose and Kim, 2008; Ngo and Hong, 2009, 2012a). Also,
when the flexibility of the ropes was focused, distributed para-
meter system approaches were investigated (d’Andrea-Novel and
Coron, 2000; Rahn et al., 2000; Fang et al., 2003; Choi et al., 2004;
Kim and Hong, 2009; Ngo et al., 2009).

A floating crane (a crane mounted on a ship) has been also
investigated. Ellermann and Kreuzer (2003) investigated the
dynamics of a floating crane that exhibits various nonlinear
phenomena. Ngo and Hong (2012b) developed the first mathe-
matical model of the container crane mounted on a ship with
predefined motions. Besides the above, the interactions between
ocean structures and waves were intense research issues for other
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researchers (Zhu et al., 2001; Love et al., 2003; Kyoung et al.,
2005; Park et al., 2006; Do and Pan, 2008; Clauss et al., 2009; Cha
et al., 2010; Lee et al., 2010; VanZwieten et al., 2010a,b).

This paper focuses on the dynamics analysis of the crane
mounted on a ship, which is subject to random waves in Sea
State 3. The contributions of this paper are the following:
A dynamic model of the ship-mounted container crane subject
to the ship motions (imparted by random waves) is derived for
the first time. Equations of motion, including the ship motion,
are acquired using the Lagrange method and are validated by
experiment. The effects of the wave-induced motions on the
free-swinging load are analyzed, in which the sea wave direction
is considered as a main factor in determining the orientation of
the mother ship for mobile harbor operations in the open sea. It is
found that the beam sea generates the coupled motions of the
longitudinal and lateral sway motions of the load, and the head-
ing sea results in the minimal sway of the load in contrast to the
big pitching motion of the ship itself.

The paper is organized as follows. In Section 2, the dynamics of
a ship-mounted container crane is investigated. Environmental
disturbances from sea waves are defined, the kinematical trans-
formation matrices are presented, and the Lagrange equation is
used to derive the equations of motion, including those of the
container crane (and load) mounted on the ship. In Section 3, the
numerical simulation results for the ship motion and the sway
angle of the container are discussed. The simulation compares the
random waves in three directions (heading sea, quartering sea,
and beam sea) in order to better analyze the effects of wave

directions for safe loading and unloading. Finally, in Section 4,
conclusions are drawn and future work is proposed.

2. Modeling of a ship-mounted container crane

2.1. Coordinate systems

Fig. 2 depicts the three coordinate systems introduced to
describe the motion of a ship-mounted container crane. Let
On � xnynzn denote the inertial coordinate frame, which becomes
the reference frame that is apart from the mother ship by a fixed
distance. Let Os � xsyszs be the ship coordinate frame affixed to the
hull of the mobile harbor in which the origin Os is located at the
center of gravity of the mobile harbor. The axes of the ship
coordinate frame are chosen to coincide with the principal axes
(surge, sway, and heave) of the mobile harbor. Also, On, which is
located underneath the Os, is assumed to be located at the mean
water free-surface. Finally, let Ot � xtytzt be the trolley coordinate
frame affixed to the trolley. The positive xt-axis indicates the
forward movement of the entire crane toward the surge direction
of the ship, the positive yt-axis expresses the trolley’s movement
toward the mother ship along the boom, and the positive zt-axis
denotes the upward direction to the sky. Besides these three frames,
the hydrodynamic frame is sometimes introduced for computing
the interaction forces (for instance, Froude–Krilov force) caused by
the waves, but the coincidence of the hydrodynamic frame and the
inertial frame is assumed in our case, since all the ships are not in
motion (i.e., not propelled) during loading/unloading.

2.2. Wave disturbances

The suppression of payload oscillations is especially important
in the case of a mobile harbor. The wave-induced ship motions can
contain enough energy near the natural frequency of the free-
swinging load, which can impart large motions to the load directly
or indirectly by creating motion instability. Ocean waves are
random in both time and space. A conceptual model describing
the elevation of an irregular sea considers the sum of a large
number of essentially independent regular (sinusoidal) contribu-
tions with random phases. Accordingly, the sea elevation at locationFig. 1. Loading/unloading of containers at a mobile harbor in an open sea.

Fig. 2. Introduced coordinate frames: inertial, ship, and trolley.
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x, y with respect to the inertial frame is given by

zðx,y,tÞ ¼
XN

i ¼ 0

ziðx,y,tÞ

¼
XN

i ¼ 0

zi sinðoitþyi�kix cosw�kiy sinwÞ, ð1Þ

where zi(x,y,t) is the contribution of the regular or harmonic
travelling waves component i propagating at angle w with respect
to the inertial frame and with a random phase yi with uniform
distribution on the interval [�p, p]. ki, oi, and zi are the wave
number, wave frequency, and wave amplitude, respectively, of
component i and are calculated by the following equations:

ki ¼
2p
li

, oi ¼
ffiffiffiffiffiffiffi
gki

p
¼

g

ci
, ci ¼

ffiffiffiffiffiffiffi
gli

2p

r
, ð2Þ

where li is the wavelength and ci is the wave celerity of component i.
Since the standard waves are characterized as combinations of

wave amplitudes and frequencies, it is practical to model the
wave motions as an energy spectrum. There are several standards
for defining sea conditions. Here, we use the modified Pierson–
Moskowitz family, recommended at the 15th International Tow-
ing Tank Conference (ITTC) in 1978. Thus, the wave spectral
density is defined as

SzzðoÞ ¼
A

o5
exp

�B

o4

� �
, ð3Þ

where A¼ 173H2
1=3=T4, B ¼ 691/T4, H1/3 is the significant wave

height, and T is the average period (Perez, 2005).

2.3. Ship motions

The response of a ship to waves is very complex. The ship
motion of six degrees of freedom consists of translational motions
in three directions (surge, sway, and heave) and rotational
motions about three axes (roll, pitch, and yaw), see Fig. 3(a).
However, in this paper, only three motions (one translational
motion and two rotational motions, that is, heave, roll, and pitch)
are considered. This is due to that the loading/unloading opera-
tion requires the standing of both ships, and the mobile harbor is
connected, by a special docking mechanism, to the mother ship
that is stationary in the ocean due to its mega-size (Salvesen et al.,
1970; Fossen, 1994; Xia et al., 1998; Neyes and Rodriguez, 2006;
Selyam and Bhattacharyya, 2010). Therefore, the exciting force
is only the Froude–Krilov force combined with the diffraction
wave force. The drift force generated by wind and current is
disregarded.

There are two approaches in obtaining the ship motions
induced by random waves. First, the equations of motion derived
by Newtonian or Lagrangian mechanics can be used (Fossen,
1994). The other approach is the response amplitude operators
(RAOs) (Faltinsen, 1990). In this approach, RAOs are used to
determine the likely behavior of a ship when operating at sea.
In both cases, the ship hull shape is used and the developed model
is tested in a model basin or by a specialized computer program.

In this paper, to simulate ship motions, the Marine Systems
Simulator (MSS) toolbox (www.marinecontrol.org/) developed by
Professor Thor I. Fossen’s Team at Norwegian University of Science
and Technology is used (Fossen and Smogeli, 2004; Perez
and Fossen, 2007). This toolbox includes various models of
ships, underwater vehicles, and floating structures. The library
provides guidance, navigation, and control blocks for real-time
simulation. Following the notation introduced by Fossen (1994),

the generalized coordinates of the ship is given by

Z¼ ½0,0,z,f,c,0�T , ð4Þ

where z, f, and c are the heave displacement, and the roll and pitch
angles, respectively.

2.4. Equations of motion

Let mt and mp be the masses of the trolley and the payload
(container), respectively. Let h be the crane height. Let x and y

represent the position of the gantry and that of the trolley in the
ship coordinate frame. Let l denote the rope length, and let y and d
define the longitudinal and lateral sway angles of the load in the
inertial coordinate frame. Finally, let fy denote the control force
applied at the trolley for trolley movement.

Given the ship motions (z, f, c), the homogeneous transfor-
mation matrix from the ship coordinate frame to the inertial
coordinate frame are obtained as follows:

Ts
n ¼ Transðzn,zÞRotðyn,cÞRotðxn,fÞ

¼

cosc sinc sinf sinc cosf 0

0 cosf �sinf 0

�sinc cosc sinf cosc cosf z

0 0 0 1

2
6664

3
7775, ð5Þ

where

TransðznÞ ¼

1 0 0 0

0 1 0 0

0 0 1 z

0 0 0 1

2
6664

3
7775, Rotðxn,fÞ ¼

1 0 0 0

0 cosf �sinf 0

0 sinf cosf 0

0 0 0 1

2
6664

3
7775,

Fig. 3. The considered motions of the mobile harbor (heave, roll and pitch) and sea

wave directions (Fossen, 1994). (a) Six DOF motions of the ship and (b) definition

of sea wave directions.
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Rotðyn,cÞ ¼

cosc 0 sinc 0

0 1 0 0

�sinc 0 cosc 0

0 0 0 1

2
6664

3
7775:

Then, the trolley position in the inertial coordinate frame is
derived as follows:

pT ¼

cosc sincsinf sinccosf 0

0 cosf �sinf 0

�sinc cosc sinf cosc cosf z

0 0 0 1

2
6664

3
7775

x

y

h

1

2
6664

3
7775

¼

x coscþy sinc sinfþh sinc cosf
y cosf�h sinf
z�x sincþy cosc sinfþh cosc cosf
1

2
6664

3
7775: ð6Þ

Using vector addition, the load position in the earth coordinate is
also derived as follows:

pL ¼ pTþ

�l cosy sind
l siny
�l cosy cosd
1

2
6664

3
7775

¼

x coscþy sinc sinfþh sinc cosf�l cosy sind
y cosf�h sinfþ l siny
z�x sincþy cosc sinfþh cosc cosf�l cosy cosd
1

2
6664

3
7775: ð7Þ

By differentiating the positions of the trolley and the load in
time, their velocities are derived as follows:

VT ¼ ðVTx,VTy,VTzÞ
T , ð8Þ

VL ¼ ðVLx,VLy,VLzÞ
T , ð9Þ

where

VTx ¼�x _c sincþ _y sinc sinfþy _c cosc sinf

þy _f sinc cosfþh _c cosc cosf�h _f sinc sinf,

VTy ¼ _y cosf�y _f sinf�h _f cosf,

VTz ¼ _z�x _c coscþ _y cosc sinf�y _c sinc sinf

þy _f cosc cosf�h _c sinc cosf�h _f cosc sinf,

VLx ¼�x _c sincþ _y sinc sinfþy _c cosc sinf

þy _f sinc cosfþh _c cosc cosf�h _f sinc sinf

�_l cosy sindþ l _y siny sind�l _d cosy cosd,

VLy ¼ _y cosf�y _f sinf�h _f cosfþ _l sinyþ l _y cosy,

VLz ¼ _z�x _c coscþ _y cosc sinf�y _c sinc sinf

þy _f cosc cosf�h _c sinc cosf�h _f cosc sinf

�_l cosy cosdþ l _y siny cosdþ l _d cosy sind:

Therefore, the kinetic and potential energies of the trolley and
payload, respectively, are obtained as follows (Greenwood, 1987):

T ¼ 1
2 mtðV

2
TxþV2

TyþV2
TzÞþ

1
2mpðV

2
LxþV2

LyþV2
LzÞ, ð10Þ

U ¼mtgðz�x sincþy cosc sinfþh cosc cosfÞ
þmpgðz�x sincþy cosc sinfþh cosc cosfÞ�mpgl cosy cosd:

ð11Þ

Taking q ¼ (y,y,d) as the generalized coordinates correspond-
ing to the generalized forces f ¼ (fy,0,0) and using the Lagrange

equation given by

d

dt

@T

@ _qi

� �
�
@T

@qi

þ
@U

@qi

¼ f i, i¼ 1,2,3, ð12Þ

Fig. 4. Steps for simulating the crane dynamics upon Sea State 3.

Table 1
Simulation parameters.

Parameters Values

Draught (m) 21

Breadth (m) 80

Length between perpendiculars (m) 115

Mass (kg) 5,197,800

Density of water (kg/m3) 1025

Radius of gyration in roll (m) 33

Radius of gyration in pitch (m) 34

Radius of gyration in heave (m) 37.5

Acceleration of gravity (m/s2) 9.81

Volume displacement (m3) 50,712

Center of buoyancy w.r.t. baseline and Lpp/2 (m) [0 0 7.2162]

Transverse metacentric height (m) 5.5284

Center of gravity w.r.t. baseline and Lpp/2 (m) [0 0 20.5]

Crane height (m) 10

Rope length (m) 8

Trolley mass (kg) 6000

Payload (kg) 20,000

Gantry position (m) 5
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Fig. 5. Ship motions (heave, roll, and pitch) in the beam sea (simulation results).
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the equations of motion of the trolley and the payload are
obtained as follows:

ðmtþmpÞ €yþmpl €yðsinf siny cosðd�cÞþcosf cosyÞ

þmpl €d sinf cosy sinðd�cÞþc1 ¼ f y, ð13Þ

mpðsinf siny cosðd�cÞþcosf cosyÞ €yþmpl €yþc2 ¼ 0, ð14Þ

mpl €y sin f cos y sinðd�cÞþmpl2 €d cos2 yþc3 ¼ 0, ð15Þ

where

c1 ¼ ðmtþmpÞð�x €c sin f�h €f�h _c
2

sin f cos fÞ

þðmtþmpÞðgþ €zÞ cos c sin f�ðmtþmpÞð
_c

2
sin2 fþ _f

2
Þy

þmp
€l cos f sin y�mp

€l sin f cos y cosðd�cÞ

þ2mp
_l _d sin f cos y sinðd�cÞþ2mp

_l _y sin f sin y cosðd�cÞ

þ2mp
_l _y cos f cos yþmplð _y

2
þ _d

2
Þ sin f cos y cosðd�cÞ

�mpl _y
2

cos f sin y�2mpl _y _d sin f sin y sinðd�cÞ,

c2 ¼mpð2_l _yþ2 _y _c sinf siny sinðd�cÞþ2 _y _f cosf siny cosðd�cÞ

�2 _y _f sinf cosyþ2y _c _f cosf siny sinðd�cÞ

�2h _c _f sinf siny sinðd�cÞ�y _f
2

cosf cosy

�y _f
2

sinf siny cosðd�cÞþh _f
2

sinf cosy

�h _f
2

cosf siny cosðd�cÞ�y _c
2

sinf siny cosðd�cÞ

�x _c
2

siny sinðd�cÞ�h _c
2

cosf siny cosðd�cÞ

�x €c siny cosðd�cÞþy €c sinf siny sinðd�cÞ

þh €c cosf siny sinðd�cÞ�h €f cosf cosy

�h €f sinf siny cosðd�cÞþy €f cosf siny cosðd�cÞ

�y €f sinf cosyþ l _d
2

siny cosyþðgþ €zÞ siny cosdÞ,

c3 ¼mplð�2l _d _y sin y cos yþ2_l _d cos2 yþ2 _y _f cos y cos f sinðd�cÞ

�2 _y _c sin f cos y cosðd�cÞ�y €c sin f cos y cosðd�cÞ

þy €f cos f cos y sinðd�cÞ�yð _f
2
þ _c

2
Þ sin f cos y sinðd�cÞ

�2y _c _f cos f cos y cosðd�cÞ�h €c cos f cos y cosðd�cÞ

�h €f sin f cos y sinðd�cÞ�hð _f
2
þ _c

2
Þ cos f cos y sinðd�cÞ

þ2h _f _c sin f cos y cosðd�cÞ�x €c cos y sin ðd�cÞ

þx _c
2

cos y cosðd�cÞþðgþ €zÞ cos y sin dÞ:

3. Simulation results

The ship motions and the sway angles of the container are
simulated using MATLAB, in which the ship motions (z, f, c) in
(12)–(14) are generated using the MSS toolbox (Fossen and
Smogeli, 2004). Three sea waves are considered: the heading
sea (w¼ 1803) (or the following sea, w¼ 03), the quartering sea
(w¼ 453) and the beam sea (w¼ 903), see Fig. 3(b). Since the
mobile harbor is stationary in the x (and y) direction, the heading
sea and the following sea provide the same effects. Fig. 4 depicts
the steps to generate the sway motions of the load. Table 1 shows
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Fig. 6. Trolley movement and sway motions of the payload in the beam sea

(simulation results).
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the parameters and their values used in simulation. Upon the ship
motions (Figs. 5, 7, and 9) occurred in the Sea State 3 condition,
the free motions of the trolley and the payload are simulated
(Figs. 6, 8, and 10), which means that the brake system of the
trolley is not used. This is to find out the coupling effect between
the trolley and the payload dynamics. In real cases, however, an
electrical or a mechanical brake system of the trolley will be
active if it is not in motion, whereas the payload is in free motion.

From Figs. 5–10, the following observations are made. (i) In the
beam sea, the rolling motion of the ship becomes the biggest and
the pitching motion is the smallest, see Figs. 5, 7, and 9. The
magnitude of the rolling motion is in the order of beam, quarter-
ing, and heading seas. (ii) However, the lateral sway angle of the
load (which is normally caused by the pitching motion of the
ship) becomes the biggest in the beam sea (see Fig. 6). The
amplitude of the pitching motion of the ship in the heading sea
is the biggest (see Fig. 9). This is due to, in the beam sea, that the
lateral and the longitudinal sway motions of the load are coupled
in the presence of large rolling motions of the ship. It is also noted
that the lateral sway angle in the heading sea becomes the
smallest. (iii) In the heading sea (see Fig. 9), the frequencies of
the rolling and pitching motions of the ship become the smallest,
which reflects the least excitation to the crane. (iv) In the mobile
harbor operation, the lateral sway angle of the load caused by the
sea waves may become a dominant one in comparison with the
longitudinal sway angle occurred by the trolley movement.

From the above, the following important conclusions are
made: (i) The suppression of the lateral sway angle of the load
becomes a key issue (i.e., the conventional control methods will

not work in suppressing the sways of the load on a mobile harbor)
and the necessity for a new mechanism for the lateral sway
control is needed. (ii) It is recommended that the mobile harbor
operations for loading and unloading are made in the heading sea,
suggesting a proper orientation of the mother ship in the ocean.

4. Experimental results

The experimental setup consists of two subsystems: a six
degree-of-freedom (DOF) Stewart platform to produce the ship
motion induced by sea waves and a three-dimensional (3D) crane
(INTECO, www.inteco.com.pl) to mimic the container crane on a
mobile harbor. As seen in Fig. 11, the 3D crane is placed on top of
the 6-DOF motion platform (Hong and Kim, 2000). To measure
the motion of the platform, an IMU (inertial measurement unit)
sensor (MTi sensor, XSENS) is used. The verification steps of the
derived equations of motion of the crane are described as follows:

(I) First, see Fig. 12, the MSS is used to generate the ship
motions induced by random waves (under Sea State 3 condi-
tion). Once the data of the ship motions (in this paper, only
0,0,z,f,c,0
� �T

are used) are given, the lengths of the six legs
of the platform are computed by solving the inverse kine-
matics problem of the motion platform.

(II) Then, the platform controller controls the leg lengths of the
platform to replicate the ship motions given by the MSS.
Also, the rotational angles of the platform are measured
using the IMU sensor to use them for an independent
verification of the crane dynamics. Fig. 13 compares the roll
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Fig. 8. Trolley movement and sway motions of the payload in the quartering sea

(simulation results).
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(f) and pitch (c) motions of the ship between the simulation
data from the MSS (reference) and the measured data from
the IMU sensor. The obtained results reveal that the motion
platform can reproduce the ship motions in Sea State
3 quite well.

(III) Now, to verify the correctness of the derived equations of
motion of the crane, the subsequent procedure is split into
two processes (see the lower part in Fig. 12): experiment
using the 3D crane on the motion platform vs. simulation
using the derived equations of motion in Section 2.4.

(IV) It is noted that even a sufficient closeness of the ship
dynamics between simulation and motion platform has been
revealed in Fig. 13(a) and (b), there is still a small discre-
pancy between these two, see Fig. 13(c). Therefore, for an
independent verification of the crane dynamics from the ship
dynamics, the provision of almost the same input conditions
to the crane (between simulation and experiment) is pur-
sued. For this, the measured platform motions are used to
obtain the first and second derivative of the platform
motions using the Kalman filter, which are again inputted
to Eqs. (14) and (15) for simulation.

(V) Also, to separate the trolley dynamics from the sway
dynamics of the load, the trolley position is assumed fixed
in simulation and is actually fixed in experiment.

Finally, in Fig. 14, the sway motions of the payload measured
using encoders and those simulated using (14) and (15)
are compared. The simulation and experiment results of the
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Fig. 10. Trolley movement and sway angles of the payload in the heading

(or following) sea (simulation results).

Fig. 11. Experimental setup: 6 DOF platform and 3D crane.

Fig. 12. Verification procedure.
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sway angles (longitudinal and lateral) are remarkably close.
This reveals that the derived equations of motion of the crane
are valid.

5. Conclusions

A dynamic model of a container crane mounted on a ship
(called a ‘‘mobile harbor’’) was developed. The model included
both sea-wave-induced ship motion and ship-motion-induced
container sway. The Lagrange equation was applied to obtain
the equations of motion of the trolley and the load. Heading sea
(following sea), quartering sea and beam sea conditions were
considered in simulation, the results of which show that when the
ship is impacted by waves under those sea conditions, the
container crane mounted on the ship will generate the sway
angle of the payload. The waves coming from 901 will make more
effects on the sway angles and it should be avoided in operating
mobile harbors. The validation of the dynamics equation has been

guaranteed through the comparison of the experiment and
simulation results.
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